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Abstract

Transient heat conduction in solid prismatic bars of constant cross-sectional area having uniform heat generation and unsteady momentum
transport in infinitely long ducts of arbitrary but constant cross-sectional area are examined. In both cases the solutions are mathematically
modeled using a transient Poisson equation. By means of scaling analysis a general asymptotic model is developed for an arbitrary non-circular
cross-section. Further, by means of a novel characteristic length scale, the solutions for a number of fundamental shapes are shown to be weak
functions of geometry. The proposed models can be used to predict the dimensionless mean flux at the wall and the area averaged temperature or
velocity for the tube, annulus, channel and rectangle for which exact series solutions exist. Due to the asymptotic nature of the proposed models,
it is shown that they are also applicable to other shapes at short and long times for which no solutions or data exist. The root mean square (RMS)
error based on comparisons with exact results is between 2.2-7.6 percent for all data considered.
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1. Introduction

This paper is concerned with the analysis of unsteady trans-
port of momentum due to a suddenly imposed constant pressure
gradient or unsteady heat conduction due to a uniformly distrib-
uted heat source in circular and non-circular geometries.

The viscous transport problem which is most often found in
advanced level fluids texts [1-5], is concerned with start up flow
in circular and non-circular tubes and channels. The solution for
a tube was originally found by Szymanski [6] in 1932. In addi-
tion to the circular tube, solutions for the parallel plate channel
[7,8], circular annulus [9], and rectangle [10], are also available
in the fluids literature. The solution for the channel is discussed
in Rouse [7] and Arpaci and Larsen [8] with no reference to its
origins. The solution may be traced back to Lamb [11] as early
as 1927. Lamb [11] used a Fourier series method to obtain the
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solution, but later Bromwich [12] obtained a similar solution
using Laplace transforms [12,13]. The solution for the circular
annulus was obtained by Miiller [9] in 1936. While the solu-
tion for a rectangular channel may be found in Erdogan [10],
but elements of its solution are discussed in earlier mathemati-
cal works [14—17]. The solution for the rectangle as presented
by Erdogan [10] is somewhat complex and has been re-solved
using Fourier transforms [18-20] as part of the present work to
provide a more compact form.

The viscous transport problem also has an analogous coun-
terpart in conduction heat transfer. The temperature field which
results from a uniformly distributed heat source which is sud-
denly turned on is governed by a similar differential equation
and boundary and initial conditions [21]. Carslaw and Jaeger
[21] discuss both the plane wall and circular cylinder solutions
for transient conduction with a constant uniform heat source.
A solution for the annular cylinder is not presented, but cited
by Thews [22]. No reference to any solution for a rectangular
domain is made.

The paper reviews the aforementioned analytical solutions
and considers the characteristics of these solutions. Simple
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Nomenclature
A ATCA. o et ettt et m?
Ag, Aso closure constants
By, Boo
a,b major and minor axes of rectangle ............ m
outerand innerradii......................... m

Dy, hydraulic diameter, =4A/P

f Rep friction factor Reynolds number group

=2Po,
G source parameter
Jo(-)  Bessel function of first kind order zero
k thermal conductivity................ Wm™'K~!
L duct or channellength....................... m
L arbitrary lengthscale ........................ m
m,n series indices
n,p asymptotic correlation parameters
n directednormal .................. ... ... ..., m
N number of sides of a polygon
)4 PIESSUIE . oo vvte ettt Pa
P PEIIMELEr. . .ttt ettt eieee e m
Po, Poiseuille number, = 1L/ puw
qs surface heatflux ............... ... ..., Wm™?2
r radial coordinate . .......... ... ... ...l m
r* radii ratio, b/a
Rer Reynolds number, = wL/v
s arclength ......... ... ... .. il m
S volumetric heat generation.............. Wm™3
t HIME . ottt s
r* dimensionless time, = Bt /L>
w VElOCItY « oo ms~!
w average velocity ...l ms~!
x,y,z Cartesian coordinates........................ m
Yo(-)  Bessel function of second kind order zero

Greek symbols

o thermal diffusion coefficient............. m?s~!
B general diffusion coefficient ............. m?s~!
8 boundary layer thickness..................... m
On eigenvalue

€ aspect ratio, b/a

¢ independent variable, 6 or w

o* dimensionless transport quantity, = ¢ /G £>

On gradient of ¢, = d¢p/0n

y transport coefficient, k or

n similarity variable

Amn eigenvalue

7 dynamic viscoSity.............c..ooon... Nsm~2
v kinematic viscosity .............coiinan. m? s~
0 tEMPETALUIE EXCESS « « v v vveveeeeaeaeeneennn K
P density.......cooiiiiiiiii kgm™3
0 dimensionless radial position, r/a

¥ flux.......oooii Wm~2 or Nm—2
o* dimensionless flux, = ¢, P/AG

Tw wall shear stress............ccooiiiiinn... Pa
Subscripts

s surface

w wall

00 steady state value

L based upon the arbitrary length £

Superscripts

B mean value

) dimensionless value

models are proposed for calculating these characteristics which
make computations more amenable. Two advantages of these
compact models will become apparent. First, the available so-
lutions are in the form of infinite series. In the case of the
rectangle a double infinite series is required. Further, the so-
lutions for the cylinder and annulus involve Bessel functions
and the eigenvalues must be numerically computed from ex-
pressions involving these functions. Second, the analysis will
show that the results are applicable to other useful geometries
for which no solutions exist, i.e. the elliptic duct, triangular
duct, and polygonal ducts (refer to Fig. 1). With respect to the
problem of interest, two fundamental quantities are useful to
the engineer for modeling the transient response of a system.
One is the dimensionless area averaged velocity or temperature
(potential), and the other is the dimensionless perimeter aver-
aged wall shear or heat flux (gradient of potential). Since the
solutions to these problems involve infinite single and double
series, it is desirable to have compact models for computing the
desired parameters. Simple models will be proposed for both
the dimensionless average potential and dimensionless average
gradient of the potential.

In general, the results presented in this work are applica-
ble to any unsteady Poisson equation with constant uniformly
distributed source, constant physical properties, and homoge-
neous Dirichlet boundary conditions. Next the mathematical
statement for each problem is discussed and presented in a gen-
eral form.

2. Problem statement

The problem of interest is characterized by the following
general Poisson equation:

1dg _
B ot

which is subject to the boundedness condition along the axis of
the geometry, ¢ # 0o, homogeneous Dirichlet conditions at the
boundary, ¢ = 0, and the initial condition ¢ = 0, when ¢ = 0.
The system is shown in Fig. 2. It consists of an infinitely long
duct or cylinder of arbitrary but constant cross-sectional area,
A, bounded by perimeter, P.

G+ V2 (1)
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Fig. 1. Typical non-circular cross-sections.
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Fig. 2. System under consideration.

Table 1

Summary of variables

Problem ¢ B g v
Momentum w " i % L Tw =1t %Tul)
Conduction 0 o % k gs =k g_ﬁ

It is of interest to obtain the area mean potential, obtained by
integrating the solution for ¢ over the cross-sectional area:

_ 1
(1) = Z//MA P
A

Also, of interest is the perimeter averaged or mean gradient

at the surface, % =g,
T = f % 4s=v5 3)
= — —dds =
P Van Y®n

which is related to the momentum flux or heat flux through the
appropriate thermophysical property for y using Newton’s law
or Fourier’s law. The two fundamental transport problems are
summarized below in Table 1.

2.1. Unsteady viscous transport

The momentum transport or impulsively started flow prob-
lem is often classified in some texts as Rayleigh flow, Telio-
nis [4]. In other texts it is referred to as startup flow or the
commencement of Poiseuille flow. In this problem, the source
is defined as G = ﬁ% The dimensionless mean velocity is:

* w a *
W= = =0 4
21 Ap 2
L i1 GL

While the dimensionless momentum flux (or shear stress) at

the surface is defined with respect to the steady state value:

Tw

= — ®)
Too
where
A Ap
e 6
Too P L (6)

is obtained from the steady state force balance.
This leads to the following result for the dimensionless mo-
mentum flux or wall shear:

=y (7

2.2. Unsteady heat conduction

In the case of unsteady heat conduction with a source, sim-
ilar dimensionless groups may be defined. In this problem, the
source is defined as G = S/ k. The dimensionless mean temper-
ature in the cross-section is:

4 ¢
—s=53=%" ®)

0* =
grL?

=

1%)
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While the dimensionless heat flux at the surface is defined
with respect to the steady state value:

f=fi ©)
o0
where
A
Goo = FS (10)

is obtained from the steady state heat balance.
This leads to the following result for the dimensionless heat
flux:
x_ 45 k‘zn _ (zn

%g—%s—%§=w* (11

In later sections, we will examine exact results and approx-
imate results for the two dimensionless quantities, ¢* and ¥ *.
In the next section, we use scale analysis to obtain the order of
magnitude behaviour for both quantities in terms of asymptotic
limits.

3. Scale analysis

In this section, we will examine what information the
method of scale analysis [23] may provide. Recall, the trans-
port equation:

10¢

—T - G 4+ V¥ 12)
ﬂ 81‘ ~—— ~—~—

~~—~—" Generation  Diffusion

Storage

This equation represents a balance of three quantities: stor-
age, generation, and diffusion. There are three distinct flow
regions in this problem that may be considered. Fully developed
flow exists after a very long time, and at short times, there ex-
ists a potential core and a very thin boundary layer region. Each
of these regions may be analyzed using scale analysis. The fol-
lowing scales will be used: ¢ ~ ¢7, t~t,and V2 ~ 1/[12 for
long time and V2 ~ 1/8? for short time. Here, £ is as yet unde-
termined characteristic length scale related to the geometry and
3 is the boundary layer thickness or penetration scale associated
with early times.

First for long times ¢+ — oo, or fully developed flow, the
balance between generation and diffusion leads to V2 ~ 1/£2.
This gives

¢

ENQ (13)
or

é~GL? (14)
or

)

¢Oo_w~l ast — 00 (15)

Next, for short times t — 0, the balance is between storage
and generation, or considering the potential core, this leads to

1é

51 g (16)

or
¢~ GBt (17)
or

* ,Bt *
Py~ =5 ~t" ast—0 (18)

L2
Next, in the boundary layer region, the balance between stor-
age and diffusion leads to V> ~ 1/82. This gives

.
or

5~ /Bt (20)

which is the intrinsic penetration depth.
The flow becomes fully developed when & ~ L, such that

Bt ~ L2 1)
or

1
1+~ % ~1 (22)

Finally, we wish to develop expressions for the mean flux at
the surface defined as:
=y o9 (23)
on
We must consider the two limiting cases of short time and
long time. For long time, t — oo, the flux becomes:

<

~Yy (24)

RSN

We may also relate the flux to the source G for fully devel-
oped flows, where

— A
Voo = FQ Y (25)
Thus, if we define ¥* = ¥/ /¥, We obtain
w;ozAiwl ast — 00 (26)
(4GL)
Finally, for short times, t — 0, the flux becomes
— ve
v~22 (27)
8
Also, from the transport equation we see that
¢
2~ g (28)
or, after combining Eqs. (27) and (28):
¥ ~yGs (29)
Finally defining ¥ * as before, we obtain
8 t*L
1//5’\4—'\«\/— ast— 0 30)
A/P A/P

It is clear from scaling analysis, that two distinct character-
istics are present. These are the dimensionless mean potential,
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¢* and dimensionless mean surface flux, ¥*. Each has the fol-
lowing asymptotic behaviour:

«_ JAot* t*—0

and

W*Z{Bo\/t—* =0 (32)
B t* — 00

Later, an approximate model is obtained by superposing
these asymptotes. But first we examine the exact solutions for
each of these regions in order to determine the closure constants
Ag, Ao, Boy, and Bno.

4. Asymptotic behaviour

The exact asymptotic behaviour for small and large times
may now be examined for each dimensionless quantity of inter-
est.

4.1. Long time—t — o0

For long time, t — oo, the flow is characterized by a bal-
ance between generation and diffusion. This problem has been
analyzed extensively for momentum transport and solutions
to some forty configurations may be found in Shah and Lon-
don [24]. The results are usually presented in the form of the
dimensionless group f Re, the Fanning friction factor Reynolds
number product defined as:

fRer Tool Vool

— — =Po, (33)
2 pw - yg
where Po is referred to in the fluids literature as the Poiseuille
number [4].

We can further introduce the source term through the fully
developed flow balance Eq. (25) and obtain:

v 2GL
Pop =22 = P2 (34)
7

Rearranging, for ¢ and using the definition of the dimen-
sionless mean potential, Eq. (4) or Eq. (8), we obtain

_A/P

= Por L (35)
which gives
A/P

o= PorL (36)

Finally, by virtue of the definition of the dimensionless flux,
Eq. (5) or Eq. (9) and the value for v, the dimensionless as-
ymptotic limit for ¢* is:

=1 (37)
which gives

Ba =1 (38)

4.2. Short time—t — 0

For short times, t — 0, the transport is characterized by a
balance between generation and storage. The equation of trans-
port which may be solved in the potential core when § is small
is:

199
B ot

This may be integrated and solved with the initial condition

¢(0) =0 to give:

P(1) =BtG~ ¢ (1) (40)

‘When non-dimensionalized, the solution for short time in the
potential core is:

_ B _

g (39)

o=z =1" 1)
which gives
Ap=1 42)

The short time flux may be found by considering the classic
Stokes solution for momentum transport or heat conduction into
a half space. The solution for the field resulting from a step
change at the surface is:

¢ = ¢, erfe(n) (43)
where n = x/2./PBt.

The result for the boundary layer thickness which accounts
for the mean penetration of the field from the surface to the
potential core, i.e. the area under the curve defined by Eq. (43),
may be written as [25]:

8¢o=2y/Bt / ¢oerfc(n) d (44)
0
which gives
2
5:ﬁm~1.128\/ﬁ (45)

Eq. (45) accounts for the mean depth of penetration of the
field to the potential region. Although the potential core is in
a state of change, the process is still applicable, since we are
interested in the characteristics of the boundary layer which
is bounded by the surface and the potential core. In the case
of momentum transport, this boundary layer defines the total
mass flow, U$, at any time which results from the impulsive
motion of an infinite flat plate. In the case of heat conduction,
the boundary layer defines the total energy stored in the field,
6,00Cp A, at any time after the step change has occurred. This
is shown graphically in Fig. 3. It may be viewed as the accumu-
lated mean boundary layer thickness. Similar results may also
be obtained by integrating the boundary flux between r = 0 and
an arbitrary time t =¢.

Using this result in Eq. (30) gives:

2 PL
= =/

w*zﬁ A

(46)
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Fig. 3. Mean boundary layer thickness.

which gives
_2PL
- JTA

These exact limits may now be combined in a simple manner
using an asymptotic correlation method.

By (47)

5. Compact models

Compact models may now be developed using the asymp-
totic correlation method proposed by Churchill and Usagi [26].
The asymptotic limits may now be combined to develop a sim-
ple compact model for each dimensionless quantity of interest.

* * * 1
v =[09" + 63" (48)
The form for ¢* and * is shown in Fig. 4, after Yovano-
vich [27]. This type of behaviour is characterized by using a

negative value for the fitting parameter n, in Eq. (48).

Fig. 4. Asymptotic model development.

The models of interest may now be written in the following
forms:

. oo A/P nl/n
¢ =[(t) +<£P0£>] (49)

and

P 1/p
R

The values of n and p may now be determined from compar-
isons with data obtained from the exact solutions to a number
of geometries. The fitting parameters may be obtained by either
applying Eqgs. (49) and (50) at a single known point in the tran-
sition region or by using multiple points and minimizing the
root mean square error. In the present work, the latter method is
used to determine the fitting parameters.

5.1. Characteristic length scale

We shall now consider the various choices for the character-
istic length scale L. The simplest choice depending on geome-
try is to use the intrinsic length scale of the geometry, i.e. L =a
for a plane wall of width 2a and cylinder of diameter 2a. How-
ever, when dealing with more complex shapes, the choice for
momentum transport is often the hydraulic diameter defined as
L =4A/P.More recently, Yovanovich and Muzychka [28] and
Muzychka and Yovanovich [29] have proposed using £ = +/A
with much success in reducing Poiseuille numbers to a simple
function of duct aspect ratio for momentum transport.

Examination of the proposed compact models suggests using
L =4A/P since it simplifies the form of the models. How-
ever, £ = +/A offers the advantage that the Poiseuille number
is a weak function of shape and can be easily predicted for
more complex shapes. The important result of Muzychka and
Yovanovich [29] is that the Poiseuille numbers may be accu-
rately predicted for the elliptic, rectangular, annular and polyg-
onal shapes using:

12
+&)[1 — 222 tanh(%)]

s

fRe\/ZZZPO\/Z: \/E(l (51)
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Table 2
f Re results for elliptical and rectangular geometries [24]
e=bj/a fRep, fRe\/X
Rect. Ellip. ;ﬁzg Rect. Ellip. ;11:2
0.01 23.67 19.73 1.200 119.56 111.35 1.074
0.05 22.48 19.60 1.147 52.77 49.69 1.062
0.10 21.17 19.31 1.096 36.82 35.01 1.052
0.20 19.07 18.60 1.025 25.59 24.65 1.038
0.30 17.51 17.90 0.978 20.78 20.21 1.028
0.40 16.37 17.29 0.947 18.12 17.75 1.021
0.50 15.55 16.82 0.924 16.49 16.26 1.014
0.60 14.98 16.48 0.909 15.47 15.32 1.010
0.70 14.61 16.24 0.900 14.84 14.74 1.007
0.80 14.38 16.10 0.893 14.47 14.40 1.005
0.90 14.26 16.02 0.890 14.28 14.23 1.004
1.00 14.23 16.00 0.889 14.23 14.18 1.004
Table 3
f Re results for polygonal geometries [24]
P P
v e, B ke g
3 13.33 0.833 15.19 1.071
4 14.23 0.889 14.23 1.004
5 14.73 0.921 14.04 0.990
6 15.05 0.941 14.01 0.988
7 15.31 0.957 14.05 0.991
8 15.41 0.963 14.03 0.989
9 15.52 0.970 14.04 0.990
10 15.60 0.975 14.06 0.992
20 15.88 0.993 14.13 0.996
00 16 1.000 14.18 1.000

The above expression represents a single term approxima-
tion for the rectangular duct provided 0 < ¢ < 1, where e =b/a
is the duct aspect ratio. Typical results are given in Tables 2 and
3 for the elliptic, rectangular, and polygonal geometries. Graph-
ical results are provided in Figs. 5 and 6. In the case of the

U=r") Wwhere r* = b/a is the radii ratio

circular annulus & ~ F Ee=st

of the annulus.
5.2. Proposed compact models

We now consider two possibilities for the characteristic
length scale, £, and develop compact models for each parame-
ter of interest.

5.3. Hydraulic diameter, L=4A/P

When the hydraulic diameter is used as a characteristic
length scale Egs. (49) and (50) become:

1 nql/n
¢ = [(t*)" + (4P00h> } (52)
and
8 P 1/p
S EXe

1097
o L I T T T I T T T
x Rectangle w/Segment
v Rectangle w/Semi-Circle
100 [ ] Ellipse |
20 | | Rectangle -
£ —————— Model 7

————— +/- 10 Percent

<
=
¢
0 0.1 02 03 04 05 06 07 08 09 1
Aspect Ratio
Fig. 5. f Re for elliptic and rectangular ducts.
2 T T T 17T T 17T 7T 17T 7T 17 7T 7T 7T 7T
A Isosceles Triangle
> Right Triangle
! ° Circular Segment
103 * Circular Sector |
80 * Trapezoid -
0 (o] Annular Sector |
80 Model T
-§ I - +/-10 Percent -
@
E a0
20
20 -
P I T S T T ST N Y

0 01 02 03 04 05 06 07 08 09 1
Aspect Ratio

Fig. 6. f Re for some other duct shapes.

5.4. Square root of area, L = /A

When the square root of area is used as a characteristic
length scale Egs. (49) and (50) become:

A nql/n
ot = [(t*)n N <{ij> } (54)
A
and
p 1/p
w*=[<—zp jfﬁ) +1] (55)

The parameter P/+/A is an important geometric scaling
factor. It is discussed by Yovanovich and Muzychka [28]
and Muzychka and Yovanovich [29]. Further, Bejan [30] also
showed its importance in a channel flows using his constructal
theory of nature. The fully developed Poiseuille number has the
following relationship to this geometric parameter:

P
POJK:PODhm (56)
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6. Comparison with known solutions

Comparisons will now be made with four known analytical
solutions: the plane channel, the circular tube, the rectangle, and
the circular annulus. Each of these four geometries are closely
related. The annulus contains as special limits the tube and
the channel results, and the rectangle also contains the chan-
nel limit. Further, the rectangle contains the square duct which
is one of the polygonal ducts which has a strong similarity to
the tube and other polygonal shapes when appropriately non-
dimensionalized, see Table 3. In the subsequent sections, Egs.
(52) and (53) are used in presenting the model and data com-
parisons graphically.

6.1. Parallel plate channel

The solution for the plane channel of width 2a as found in
[7,8,11-13,21] is:

Ga* y?
oy, 1) = T|:<1 — a_2>

o .
sin(d;,)
—4 Z 5 <°
n=1 n

s(rsny/a)exp(—&%ﬁr/az)} (57

where

5, = (2”% (58)

It is of interest to the engineer to obtain the area mean value
of ¢ as a function of time. This may be obtained by integrating
the solution across the channel:

_ 1 ;
¢=2—f¢<y,z)dy (59)
a

Evaluating the integral and simplifying yields

2 2
G ( 2Zexp( 82Bt/a )) ©0)
n=1

Finally, the flux may be calculated from:

v=-rgi| ©D)
or

exp(— 52,6z /a?)
¥ =yGall Z (62)

Egs. (60) and (62) have been used to generate data for com-
parisons to the proposed models. Over the range of 0.0001 <
t* < 10, 50-200 terms were used in the series as required to
achieve convergence. The optimal fitting parameter for ¢* was
found to be n = —1.3 with a root mean square error (RMS) of
6.03 percent. While for ¢* the value was found to be p = —6
with a 0.262 percent RMS. Graphical results are shown in
Figs. 7 and 8.

015 T T \I\IH‘ LI \IHHl T II\IHll T T TTTT T T \I\Il;

001 £ —

X 0.001 -
0.0001 4 Exact, Eq. (60) —

E Model, Eq. (52) 3

1E-005 R ERRTIT B R RTTT| B AR R BN R R AT R R
0.0001 0.001 0.01 0.1 1 10

t*

Fig. 7. ¢* for the plane channel.

T [HHIIl T [HHIIl T IHIIIIl T T TTTTIT T T TTTTIT

T Illllw

T
1

1 IIIII\\

° Exact, Eq. (62)
- Model, Eq. (53)

0.01 R RETTT R R RTTT B RETIT| B R SR RTiT| B S R
0.0001 0.001 0.01 0.1 1 10

t*

Fig. 8. ¢* for the plane channel.

6.2. Circular tube

The solution for the circular tube of diameter 2a was ob-
tained by Szymanski [6] using the separation of variables
method. The solution is widely discussed in many advanced
level fluid texts [1-5] and a heat conduction text [21]. The so-
lution is:

gaZ r2
¢(r,1) = T|:<1 - z)

82 Jo(6ur/a)

537, Go) p(—&%ﬂt/az)} (63)

where &, are the positive roots of
Jo(6,) =0 (64)

The mean potential may be found by integrating over the
cross-sectional area

b = az—z[q&(r, t)rdr (65)
0

or

2 2
5 ga® ( Zexp( 82Bt/a )) ©6)
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0.1 T TTTTTT

! \\I\Il\l T IIIIHIl T II\IIII| T IIIIIIE

0.01

T I\HIHl
| IHHHl

X 0001

0.0001 £ -
E A Exact, Eq. (66) | 1
E Model, Eq. (52) | T
1E-005 1 Illlllll 1 llIHHI L llllHIl 11 IHIIII L L LI
0.0001 0.001 0.01 0.1 1 10

t*

Fig. 9. ¢* for the circular tube.

o Exact, Eq. (68)
Model, Eq. (53)

0.1 Ll Ll Lol Lo
0.001 0.01 0.1 1 10

t*

Fig. 10. ¥* for the circular tube.

Finally, the shear stress is found from

3
w——ya—d) (67)
r
or
exp(— 82,3t/a2)
v =yGa ——22 (68)
n=1

Egs. (66) and (68) have been used to generate data for com-
parisons to the proposed models. Over the range of 0.0001 <
t* < 10, 50-200 terms were used in the series as required to
achieve convergence. The optimal fitting parameter for ¢* was
found to be n = —1.2 with an RMS error of 6.94 percent. While
for ¢* the value was found to be p = —2.8 with an RMS error
of 2.72 percent. Graphical results are shown in Figs. 9 and 10.

6.3. Rectangular channel

A search of the literature for a solution for the rectangu-
lar channel revealed a form in Erdogan [10]. The solution is
quite cumbersome due to the nature of the approach taken to
obtain it. The present authors have obtained the solution using
the integral transform method by means of a double finite sine
transform [18-20]. The solution for a rectangle having dimen-

sions a, b with the origin placed in the lower left corner may be
written in the following form:

1 - A- Bt
Plx,y. 1) = ZZ Al eXp( L)
m 1 n=1
x sin(mmx/a)sin(nmy/b) (69)
where
Gab[(—D)" —1][(—=1)" — 1]
Amn = B (70)
mniw
and
2.2 2.2
, _m'm n-mw
A = T (71)
The mean potential at any time is obtained from:
! b a
<i_5=—f/¢(x,y,t)dxdy (72)
ab
00
which gives:
4 o0 o
=— DO Amn[1—exp(—22, 1) ][(=D" 1]
m=1n=1
n 2,2 \—1
x [(=D)" = 1](mn7>As,,) (73)
The mean wall flux is obtained from:
1 / ¢ [ 0
W = — d d 74
v a+b[/yaxx: y+/ 3yv=ox] 74)
0 0 ’
where
b 36
/ Y| dy
X lx=0
0
4y i o Amnm[1 —exp(=22, D11 — (=1)"] )
o ni2
m=1n=1
and
a
/73
y—
ay |y—
0 y y=0
4y = o= Agn[ 1 —exp(=A2, O — (=)™
_ 4y g g Al (g, BONLZ D" g
mh
m=1n=1 mn

Egs. (73) and (74) have been used to generate data for com-
parisons to the proposed models. Over the range of 0.0001 <
t* < 10, 50-200 terms were used in the series as required to
achieve convergence. Values for n and p are shown in Table 4
for various channel aspect ratios. Graphical results are shown
in Figs. 11 and 12.
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Fig. 11. ¢* for the rectangular channel.
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Fig. 12. ¢* for the rectangular channel.

Table 4
Results for rectangular channel

b/a Pop, n RMS P RMS

0 12 —-1.2 6.1 —6 1.8
1/20 11.24 —-1.2 6.3 —4.5 2.2
1/10 10.58 —-1.2 6.1 —4 2.7
1/6 9.85 —-1.2 6.4 -3.5 33
1/3 8.54 —1.1 6.7 -2.8 4.0
1/2 7.77 —1.1 6.9 -2.5 4.4
1 7.12 —1.1 6.9 —-2.4 4.3

6.4. Circular annulus

The solution for the circular annulus with inner radius b and
outer radius a, was obtained by Miiller [9] using the separation
of variables method. The solution which also contains Bessel
functions, is much more complex than that for the tube. The
final solution for the field is:

2 k2
¢(r’t)=g%[1_gz_(1 r )1n<1/g)}

In(1/7%)
e S0 o080 Yo(r*8n) — Yo(08a) Jo(r*8,)]
e gn; 82[J0(8n) + Jo(r*8,)]

X exp(—S,%,Bt/az) )

where r* = b/a, ¢ = r/a, and the eigenvalues, §,, are com-
puted numerically from

Jo(8) Yo(r*8,) — Jo(r*8,)Yo(8,) =0 (78)

The functions Jy(-) and Yy(-) are Bessel functions of the first
and second kind, respectively, of order zero. They are easily
evaluated using the symbolic math program Maple V9 [31].

The mean potential may be found by integrating over the
cross-sectional area

— 2 ‘
¢ = o /¢>(r, t)rdr 79)
b
which gives:
2 k2
azgi[l—r*z—i(l r )j|
4 In(1/r*)

oo 4 L Jo(r*8y) — Jo(8n)
ga (1 - r*2> 2 82 1J0 () + Jo(r o]

n=1
x exp(—82pt/a*) (80)

The mean wall flux is obtained from the following expres-
sion:

g1 [ SIAL IR WL ] 81
V= 27 (a + b) Ve r—b b r—a
where
2 k2
J/an% = myGa |:<(1 i )—2r*2>
ar |, 2 In(1/r*)
- Jo(8) Y
+8,§ SToon) + Jora) PPl )} ®
and
d¢| _nyGa® [( (1- r*2>)
—y2ra— = 2———-
or |, 2 In(1/r*)

o0

*
3o Jo(r”n) exp(—82p1/a?) (83)
= 8ilJo(8n) + Jo(r*é,)]

The above expression is easily evaluated using the symbolic
math program Maple V9 [31].

Egs. (80) and (81) have been used to generate data for com-
parisons to the proposed models. Over the range of 0.0001 <
t* < 10, 50-200 terms were used in the series as required to
achieve convergence. Values for n and p are shown in Table 5

for various radii ratios. Graphical results are shown in Figs. 13
and 14.

7. Results and discussion

Examination of the data, shows that the fitting parameter n
for the mean potential ¢ is very nearly constant —1.3 < n <
—1.1, with a mean value 7 = —6/5 for all data sets. However,
the fitting parameter p for the mean flux ¥ varies with geom-
etry or duct aspect ratio b/a. Values for p fall in the range
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Fig. 13. ¢* for the circular annulus.
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Fig. 14. y* for the circular annulus.
Table 5
Results for circular annulus
b/a Pop, n RMS p RMS
0 8 —1.2 6.9 -2.8 2.7
0.0001 8.97 —-1.2 6.6 -33 2.1
0.01 10.01 —1.2 6.4 —4.0 1.3
0.08 11.05 —-1.3 6.3 —4.8 0.61
0.20 11.54 —-1.3 6.2 -5.6 0.34
0.90 11.99 —-1.3 6.0 —-6.0 0.24

—6 < p < —2.4, with the largest absolute value for the plane
channel. The mean value for all data sets examined is p = —4.
It is proposed for simplicity, that a single value representing the
mean value of n and p, be used for each model. In the case
of the mean potential, this incurs a very small error due to the
small range of this parameter. In the case of the mean flux, the
RMS error for the channel increases to 2.21 percent from 0.26
percent, while for the tube the RMS error increases to 4.26 per-
cent from 2.72 percent. On the whole, choosing a constant value
of p provides an accuracy in the range of 2.21-7.57 percent
RMS for the rectangle, and 2.21-4.26 percent RMS for the an-
nulus.

The proposed models may also be applied to any shape for
which no known solution exists. As can be seen in Egs. (52)—
(55), the only parameter which must be known apriori is the

steady state Poiseuille number. Since this parameter has been
determined exactly or numerically for some forty shapes [24],
the models can be applied to a wide range of geometries. Fur-
ther, by means of Eq. (51), Poiseuille numbers for most com-
mon shapes may be calculated within 10 percent. The effect of
aspect ratio on the fitting parameter was shown to be moderate.
The use of a single value introduces a small error for the sake
of generality. Therefore, the proposed models may be assumed
to be universal for any shape of interest.

8. Summary and conclusions

Solutions to the transient Poisson equation for the circular
tube, plane channel, rectangular channel, and circular annulus
were examined. These solutions are used to model either un-
steady heat conduction due to a uniform heat source or unsteady
viscous momentum transport due to a suddenly imposed pres-
sure gradient. The solutions are in the form of single and double
infinite series some of which require numerical solution to the
eigenvalues. To facilitate computation of mean potential and
mean surface flux, simple models have been proposed which al-
low for rapid determination of these parameters. The models are
defined by Eqgs. (52) and (53) or Egs. (54) and (55) in conjunc-
tion with Eq. (51). The fitting parameters for these equations
are: n=—6/5 and p = —4.

These models were developed by means of scale analysis
and asymptotic analysis of the governing equation. The pro-
posed models were compared with data generated from the
exact solutions. Overall agreement between model and theory
is quite good with an RMS error between 2—6 percent for all
data examined when a single constant value of the correla-
tion parameters was chosen. The models were also shown to
be applicable to any non-circular geometry provided an exact
or approximate value of the steady state Poiseuille number is
known for the non-circular geometry.
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